Thermal design is essential when developing various types of technological devices, especially miniaturized electronic devices. Conventional thermal design methods that only focus on macrostructures can provide only limited improvements in electronic device performance. On the other hand, in recent years, the implementation of nanostructural designs that take advantage of the unique properties of heat conduction at the nanoscale has resulted in electronic devices offering unprecedentedly high performance. Nanoscale heat conduction is a ballistic process, whereas heat conduction at the macroscale is diffusive. When a system is a two-phase domain, temperature discontinuities occur on the material interfaces. High-performance devices have been developed by utilizing these unique phenomena, especially the interface effect. However, few reports have proposed thermal design criteria, and thermal designs have been dependent on heuristic approaches. The development of design guidelines applicable to nanoscale thermal problems is a fundamental requirement, and one of the most effective design criteria is shape sensitivity, which indicates how to deal with material interfaces based on physics and mathematics. In this paper, we propose a shape sensitivity analysis method for a two-phase thermal design problem considering temperature discontinuities. We first explain the difference between nanoscale and macroscale heat conduction and introduce a numerical analysis method for nanoscale heat conduction based on the Boltzmann transport equation. Next, we construct a method for shape sensitivity analysis for a heat conduction problem considering two-phase nanoscale effects such as temperature discontinuities, by expanding the work of Pantz, based on Céa's method. The validity of our shape sensitivity analysis is demonstrated through two numerical examples.
Introduction
Paying close attention to thermal management is an essential part of the design process during the development of precision instruments and miniaturized electronic devices, to prevent degradation in performance or to improve system reliability. There are various kinds of apparatuses for cooling such devices, including heat sinks, heat pipes, thermoelectric coolers, and so on. However, in most cases, conventional approaches used in the design of thermoelectric devices for thermal management only focus on their macroscopic arrangements, and improvements in thermal performance using these methods are difficult to accomplish and generally quite limited in extent. In recent years, on the other hand, many researchers have explored smaller and smaller realms by developing new materials through the manipulation of nanoscopic structures present in thermoelectric devices, and have revealed that such nanoscopic structural manipulation can dramatically enhance thermal management performance. Thus, development of new high-performance materials must be based on a comprehensive understanding of heat conduction phenomena at the nanoscale. Joshi and Majumdar (1993) proposed an equation of phonon radiative transfer, where phonons play the major role in heat transfer. When the system is sufficiently larger than the mean free path of phonons moving within it, sufficient phonon scattering occurs and heat transfer becomes diffusive. On the other hand, when the system size is nearly the same order as the mean free path of phonons, phonon scattering is marginal and the heat transfer is ballistic. Moreover, poor phonon scattering causes temperature discontinuities on material interfaces. Tien et al. (1998) proposed an analysis method for nanoscale heat conduction problems in which the Boltzmann transport equation is used. Other researchers have also proposed numerical analysis methods based on the Boltzmann transport equation (Escobar et al., 2006; Hamin et al., 2015) . These useful analysis methods for nanoscale heat conduction problems have accelerated the speed of material development.
For nanoscale thermal design, different nanostructures and complex combinations of materials have been used, such as by doping with impurities, using guest atoms, and by using phonon interface scattering. Novel material properties have also been obtained through sophisticated manufacturing at the nanoscale. For example, Caylor et al. (2005) succeeded in increasing the energy-conversion efficiency of a thermoelectric device by using a material that incorporates superlattice structures. Hochbaum et al. (2008) developed a high-performance thermoelectric device through the use of silicon nanowires, and Yu et al. (2010) proposed a method for decreasing thermal conductivity by fabricating a material that includes periodic holes. The above research succeeded in obtaining unprecedented high-performance materials by leveraging the unique properties and behavior present at the nanoscale, especially effects occurring on material interfaces.
Although analysis methods and material developments have been reported, little research has focused on design methods applied to nanoscale heat conduction problems. To establish a design method, we now propose a shape sensitivity analysis method for a two-phase nanoscale heat conduction problem considering nanoscale effects as a guideline for obtaining structural material designs that provide novel material properties. Sensitivities contain valuable information applicable to design and inverse problems. Shape sensitivities, which guide the movement of material interfaces, can be used to transcend lengthy trial and error approaches to the design of thermal devices. When the structural shapes of nanoor submicron structures are carefully controlled, electronic devices can manifest novel and desirable material properties.
Many reports of sensitivity analysis methods for macroscale heat conduction problems have been published. Haftka and Malkus (1981) calculated sensitivity derivatives in thermal problems using finite differences. For linear and transient heat conduction problems, Dems (1987) proposed a sensitivity analysis method based on size and shape design variables. A shape sensitivity analysis method for steady anisotropic heat conduction problems was proposed by Meric (1988) . Tortorelli et al. (1989) developed a sensitivity analysis method for a nonlinear transient heat conduction problem based on a continuum model. Novotny et al. (2003) proposed a topological sensitivity analysis method for general elliptic boundary value problems, including a steady-state heat conduction problem. Chen and Tong (2004) reported a sensitivity analysis for a heat conduction problem using functionally graded materials. Pantz (2005) succeeded in obtaining a shape sensitivity for a heat transfer problem with two-phase materials having different heat conductivities. For heat transfer problems, Jing et al. (2015) proposed the use of a topological derivative with a Robin boundary condition. All of the above reports focused on macroscale heat conduction problems, and there has been no research concerning sensitivity analyses for nanoscale thermal designs. One reason for the lack of research on sensitivity analyses for nanoscale thermal designs is that the usual heat transfer equation based on Fourier's law is inapplicable; the Boltzmann transport equation must be used for nanoscale heat conduction analysis.
Some research has examined the use of the Boltzmann transport equation. Pingen et al. (2007) proposed an adjoint parameter sensitivity analysis method within a hydrodynamic lattice Boltzmann method. Yaji et al. (2014) derived a design sensitivity for a topology optimization in a thermal-fluid problem based on the lattice Boltzmann method. Whereas conventional sensitivity analysis methods based on lattice Boltzmann methods for fluid problems do not consider boundary effects, temperature discontinuities on material interfaces must be dealt with in nanoscale thermal designs, so a sensitivity analysis method considering these interface effects must be developed.
In this paper, we propose a sensitivity analysis method for a nanoscale heat conduction problem that considers the effects occurring on material interfaces, by expanding the work of Pantz (2005) , in which Céa's method (1986) was applied for a macroscale two-phase heat conduction problem. In Section 2, we explain the difference between nano-and macroscale heat conduction problems and introduce the Boltzmann transport equation for a nanoscale heat conduction problem. In Section 3, we formulate the design problem for a nanoscale thin film and then derive the shape sensitivity for a general thermal design problem considering nanoscale effects. Finally, the validity of the proposed method's shape sensitivity is illustrated through two numerical examples presented in Section 4. Furuta, Sato, Izui, Matsumoto, Yamada and Nishiwaki, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) 
Heat conduction in nanostructures 2.1. Knudsend number
In macrostructures, heat flux, q, is proportional to the gradient of the temperature, T , as below:
where λ is the heat conductivity. This relationship between flux and temperature is called Fourier's law. Equation (1) shows that heat conduction at the macroscale is diffusive. However, in systems that are roughly sub-micron in size, the phenomenon of heat conduction becomes ballistic. The relevant parameter for behavior at this scale is the so-called Knudsen number, defined as
which is the ratio of the mean free path of the phonons, l, to the characteristic length of the system, L. When Kn is sufficiently smaller than unity, phonons interfere with each other during heat transport, but when Kn ≫ 1, they are transported ballistically from location to location. In the latter case, energy transfer is strongly affected by interfacial scattering. By taking advantage of this behavior, various nanoscale structures such as superlattices and nanoparticle implants have been proposed to control macroscale thermal conduction characteristics. In this paper, we apply the Boltzmann transport equation for numerical analysis of nanoscale heat conduction where the Knudsen number has an approximate value of one.
Boltzmann transport equation
To deal with a nanoscale heat conduction problem, Tien et al. (1998) proposed applying the Boltzmann transport equation with the BGK (Bhatnagar-Gross-Krook) model that approximates the scattering term by introducing a relaxation time, τ(k). For two-dimensional cases, we define the time variable and spatial and wave vectors respectively as follows:
where ω(k) is the dispersion relation for wave vector k, ξ is the group velocity, which is a function of k, and f eq (ω(k), T ) is the equilibrium distribution function. Below, we introduce the details for each variable. First, we assume the dispersion relation for phonons and the relaxation time for wave vector k as follows:
By using maximum wave number
The group velocity of phonons is equivalent to the particle velocity of a molecular gas. The element of the group velocity is defined as the partial derivative of the dispersion relation:
By using the Planck distribution, f Planck (ω (k), T ), and a constant value for the phonon density of state, D 0 , the equilibrium distribution function can be defined as
where ℏ and k B are Planck's and Boltzmann's constants, respectively. Based on the conservation of energy, the temperature, i.e., the macroscale variable T (t, x), can be obtained by the following equation:
Furuta, Sato, Izui, Matsumoto, Yamada and Nishiwaki, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) The above integration equation is strong nonlinear, so we solve it numerically.
On material interfaces, we apply the mirror reflection condition. To represent that phonons are transmitted from domain Ω A to domain Ω B at a constant ratio, α, and reflect on material interfaces at a constant ratio, 1 − α, the boundary condition can be defined using the distribution function as follows:
where n represents the interior unit vector normal to Ω A , and f A and f B represent the distribution function for each domain, respectively.
Shape sensitivity
3.1. Two-phase nanoscale heat conduction design problem
Heat conducting structures
Fig. 1 Boundary conditions for the thin film
We derive the shape sensitivity for nanoscale heat conduction in a thin film material, as shown in Fig. 1 . Two types of heat bath, Γ 1 and Γ 2 , contact the thin film at separate locations. Domain Ω includes boundary Γ that divides this domain into subdomains Ω A and Ω B . Temperature jumps occur on Γ, and these effects are essential for designing nanoscale heat conducing structures. We focus on boundary effects in order to construct a sensitivity analysis method for two-phase materials and we assume that the material properties of Ω A and Ω B are identical. This facilitates the treatment of the design domain as a superlattice structure.
To develop a design method that can control the thermal conditions of a nanostructure, we consider the minimization of the objective functional J(Ω), as follows:
where j 1 (T ) is a function related to temperature distribution T in domain Ω. Note that the above objective functional can be used for the design of various types of devices. When we need to maximize the thermal conductivity of a nanostructure, the temperature difference between the specified two domains should be minimized. Conversely, if we need to minimize the thermal conductivity, such as in thermoelectric devices, the temperature difference should be maximized, which also can be represented using the above objective functional.
Based on the above explanation in Section 2, the governing equations and the initial and boundary conditions are Furuta, Sato, Izui, Matsumoto, Yamada and Nishiwaki, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) defined as follows:
where D ξ+ = {k; ξ · n ≥ 0}, D ξ− = {k; ξ · n ≤ 0}, and Ω i represents Ω A or Ω B . Here, a mirror reflection boundary condition is applied at boundary Γ. The boundary conditions, Eqs. (14) and (15), imply that jumps in temperature occur at the material interfaces.
Shape sensitivity analysis
In this section, we construct a method for shape sensitivity analysis for the nanoscale heat conduction problem. To start, we recall the definition of a shape sensitivity (Allaire and Jouve, 2004) . The shape sensitivity, whose design variable is the profile of the material interface, is a derivative of the objective function when the shape undergoes infinitesimal changes. Starting from a smooth reference open set Ω, we consider domains of type
where θ ∈ W 1,∞ (R 2 ; R 2 ) and W 1,∞ (R 2 ; R 2 ) is a Sobolev space. If θ is sufficiently small, then (Id + θ) is a diffeomorphism in R 2 . The shape sensitivity of function J(Ω) at Ω is defined as the Fréchet derivative, as follows:
where J ′ (Ω) is a continuous linear form on W 1,∞ (R 2 , R 2 ).
To construct a method for deriving the shape sensitivity in a nanoscale heat conduction problem, we expand on the work of Pantz (2005) , who applied Céa's method for shape sensitivity analysis of two-phase models. The outstanding feature of Céa's method (1986) is the definition of Lagrangian L(P,Q, Ω), that is, the state variablesP and the adjoint variablesQ are independent of the shape of the design domain Ω. This lets us apply the usual differentiation rule to Lagrangian L without having to considering how to change the design domain. Based on this independence, the following theorems for shape sensitivities are available (Allaire and Jouve, 2004) . Let g 1 ∈ H 1 (Ω) and g 2 ∈ H 2 (Ω) be two given functions where H 1 and H 2 are Sobolev spaces. The shape sensitivities of
and
respectively, where n is the interior unit vector normal to domain Ω and H is the mean curvature. Whereas conventional sensitivity analysis methods based on the Boltzmann equation do not consider boundary effects, we must consider temperature discontinuities on material interfaces. Here, the inclusion of two-phase materials in the domain being considered, Ω, and the discontinuous nature of phenomena on the material interfaces, complicate the shape sensitivity analysis. Based on Pantz's main idea, that boundary conditions on the material interfaces, such as Furuta, Sato, Izui, Matsumoto, Yamada and Nishiwaki, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) continuous conditions, can be included in the Lagrangian, the derivation of a shape sensitivity applicable at the nanoscale can be systematically obtained.
First, we define the Lagrangian as
wheref represents the reflection term at boundary Γ, that is,
Design domain Ω is independent of the other variables, so that each variable can be differentiated individually without considering perturbations of Ω.
We differentiate L with respect toP andQ in the direction ϕ, as follows:
When the Lagrange multipliersP andQ satisfy the optimality conditions in Eqs. (25) and (26), the variables are defined as P and Q. From Eq. (25), we obtain the governing equations, Eqs. (11)-(17). On the other hand, by computing Eq. (26), we obtain the following adjoint equations and the initial and boundary conditions:
where j ′ 1 (T ) is the differential of j 1 (T ), p eq = ℏωV and A is defined as follows:
The derivation of the adjoint equations is provided in Appendix I. The shape sensitivity can be obtained by differentiating the objective functional J(Ω)(θ) with respect to domain Ω, as follows: Furuta, Sato, Izui, Matsumoto, Yamada and Nishiwaki, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) Based on the optimality conditions, the shape sensitivity is obtained by computing the following equation:
(36)
Using the theorem described above in Eqs. (21) and (22), we derive the shape sensitivity as
The derivation of the shape sensitivity is provided in Appendix II.
In the following section, we confirm the validity of the above shape sensitivity through two numerical examples. In this section, we confirm the validity of the obtained shape sensitivity by comparing the values of the analytical shape sensitivity with the values obtained by the numerical difference method. The Boltzmann transport equations, Eqs. (11)-(16) and Eqs. (27)-(32), are calculated using the finite difference method with an upwind scheme. We apply the look-up table method to obtain the temperature T in the strong non-linear equation, Eq. (17). On the other hand, in the adjoint field, the adjoint variable V is obtained explicitly through Eq. (33).
Numerical examples
The analysis domain is as shown in Fig. 2 . To implement nondimensionalization, we set Boltzmann's constant with k B = 1.000, and Planck's constant with ℏ = 1.000. The following parameters are defined: k max = 5.790 × 10 3 ; τ 0 = 1.500 × 10 2 ; D 0 = 3.233; and α = 0.75.
In the numerical examples, we obtain the sensitivity based on numerical differences through minute movements of boundary Γ, which is set at the center of the system with respect to the x-direction. We set a domain, Ω + , where point x on Γ moves to the right, indicating a positive change in the x-direction, with step size ∆x. Similarly, we set a domain, Ω − , where point x on Γ moves to the left, indicating a negative change in the x-direction, with step size ∆x. The numerical differences of the objective functional, ∆J, are obtained by the following equation:
Numerical example 1
The validity of the shape sensitivity obtained by the proposed method is demonstrated through a simple example. We define the objective functional, J(Ω), as
(39) Furuta, Sato, Izui, Matsumoto, Yamada and Nishiwaki, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) This is the minimization problem for the overall temperature in domain Ω. We use the following parameters: H is set as L in Fig. 2 ; the number of cells in real space = 50 × 50, with step size ∆x = 8.000 × 10 −2 ; the number of cells in wave space = 50 × 50, with step size ∆k = 1.135 × 10 2 ; and the time step size is set with ∆t = 9.600 × 10 1 .
We set the initial conditions as follows:
The boundary conditions are set as follows:
where T H = 0.8 and T L = 0.4. Fig. 3-(a) shows the temperature distribution for the steady state and the dotted line indicates the material interface. A temperature jump has occurred on boundary Γ. Fig. 3-(b) shows the temperature discontinuity on Γ. Where the objective functional is defined as Eq. (39), the comparison between the sensitivity obtained by our proposed method, Eq. (37), and by the numerical difference method on boundary Γ is shown in Fig. 4 . Each value is Furuta, Sato, Izui, Matsumoto, Yamada and Nishiwaki, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) normalized, with maximum values set as 1. This figure reveals near perfect congruence between the two plots. Positive values indicate that the material interface should move toward the left at each point, whereas negative values indicate that the material interface should move toward the right at each point. That is, Fig. 4 indicates that the material interface is migrating toward the high-temperature area. When a material interface is placed next to a high-temperature location, the heat flux from the high-temperature area is decreased by the reflection of phonons on the material interface. The value of the objective functional then decreases.
Numerical example 2
In this example, we validate the proposed method using a problem that results in a complex temperature distribution whose design cannot be easily understood intuitively. Here, we define the objective functional, J(Ω), as
This is the maximization problem for the overall temperature in domain Ω. We use the following parameters: H is set as 2L/7 in Fig. 2 ; the number of cells in real space = 70 × 20, with step size ∆x = 1.450 × 10 −2 ; the number of cells in wave space = 50 × 50, with step size ∆k = 1.135 × 10 2 ; and the time step size is set with ∆t = 1.740 × 10 1 .
where T H = 0.8,
where β 0 = 4.2 × 10 −1 , β 1 = −9.8 × 10 −2 , β 2 = 1.5 × 10 −1 , β 3 = −4.0 × 10 −2 , β 4 = 4.2 × 10 −3 , β 5 = −1.9 × 10 −4 , and β 6 = 3.2 × 10 −6 . Figure 5-(a) shows the temperature distribution for the steady state. Where the objective functional is defined as Eq. (43), the comparison between the sensitivity obtained by our proposed method, Eq. (37), and by the numerical difference method on boundary Γ is shown in Fig. 5-(b) . Each value is normalized by setting the maximum values to 1. The positive values indicate that the material interface should move Furuta, Sato, Izui, Matsumoto, Yamada and Nishiwaki, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) toward the left at each point. Again, the shape sensitivity and numerical difference plots are almost perfectly coincident. The obtained shape sensitivity curve can also provide design engineers with design guidelines to achieve a complex temperature distribution such as that shown in Fig. 5-(a) .
Conclusion
This paper proposed a shape sensitivity analysis method for a thermal design problem considering nanoscale effects that may be used as a guideline for obtaining structural material designs that provide novel material properties. The following results were obtained.
• We defined a Lagrangian that includes discontinuity-boundary conditions. This definition of the Lagrangian, whose variables are independent of the shape of the design domain, is the core of our proposed method since it streamlines the complex procedures usually required to obtain the adjoint equations and shape sensitivity.
• Based on the appropriate Lagrangian, we systematically obtained the adjoint equations and the shape sensitivity, including the effect of temperature discontinuities, through the optimality conditions, since each Lagrange multiplier can be differentiated individually without taking into account the perturbations of the design domain.
• Finally, we confirmed the validity of the sensitivity obtained by our proposed method by comparing its values with those of the sensitivity obtained by the numerical difference method. Based on this confirmation, the obtained shape sensitivity can be used as a guideline for developing electronic devices that exhibit novel properties arising from directed manipulation the underlying nanostructures.
Appendix I: Derivation of adjoint equations
Here, we provide the derivation of the adjoint equations based on Eq. (25), one of the optimality conditions. First, using integration by parts with respect to time t and spatial vector x, the stationary points related to the global variables f A (t, x, ξ) andf B (t, x, ξ) are obtained as follows:
whereφ i is defined as the reflection term for wave spaces as follows:
The stationary point related to the global variableT is obtained as follows:
where j ′ 1 (T ) is the differential of j 1 (T ). Based on the integrals expressed in Eqs. (47) and (49), we obtain the following adjoint equations and Lagrange
